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1.  Introduction 

Systems consists of multiple agents  

communication  

negotiation  cooperation 

finish tasks 

 that can not be solved by a single agent  

Advantages:  flexible, error tolerance, higher efficiency,  

                      robustness… 
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 1.  Introduction 

Consensus：synchronization, agreement, …                                         

                       ——an essential problem in the field 

                             of multi-agent application  

Distributed control： 

     characteristics：centralized management  

                               decentralized control 

     advantages：flexible, easy management,     

                          high performance-price ratio,   

                          high reliability, …  
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       Output regulation is a control design scheme for 

uncertain system. It aims to control the system states 

to track reference signals or reject disturbance signals , 

and keep stable for the closed system. 

Regulate output e Extenal output 

The external 

System 

Plant 

Reference 

or 

disturbance 

Control input  u                         Measure output y 

 

- 

Controller 



Since 1990,  Huang J and Isidori A et.al have extended the output 

regulation theory to nonlinear system. 

[4] J. Huang, W. J. Rugh, “On a nonlinear multivariable servomechanism problem,” 

Automatica, vol. 26, pp. 963–972, 1990. 

[5] A. Isidori and C. I. Byrnes, Output regulation of nonlinear systems, IEEE Trans. 

Automat. Contr., 1990, 35: 131–140. 

[6] J Huang, Z Chen.A general framework for tackling the output regulation problem. 

IEEE Trans. Automatic Control, 2004, 49(12): 2203-2218 

The brief contents on output regulation theory can be seen in following: 

 
[1] E. J. Davison, “The robust control of a servomechanism problem for linear time-

invariant multivariable systems,” IEEE Trans. Automat. Contr., vol. AC-21, pp. 25–34, 

Jan. 1976. 

[2] B. A. Francis, “The linear multivariable regulator problem,” in SIAM J. Control 

Optim., vol. 15, 1977, pp. 486–505. 

[3] B. A. Francis and W. M. Wonham, “The internal model principle of control theory,” 

Automatica, vol. 12, pp. 457–465, 1976.  

 



Inner Model Principle is developed since 1970 [7], it 

provide a good solution for the output regulation of 

linear system. 
[7] B. A. Francis, W. M. Wonham. The internal model principle of control theory. 

Automatica 1976; 12:457-465. 

 Consider the following linear system: 
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To have the closed system 

Satisfy that: 
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For any initial values： 

    （I）The system is stable； 

    （II） lim ( ) 0.i
t

e t






0

S A B P

C Q

   


  

Theorem 1. The necessary and sufficient condition for 

the existence of output regulation is that（A，B）is 

stabilization ,（C，A）is detectable，and the linear 

matrix equation  

, . have  solution 



Theorem 2. The necessary and sufficient condition for the 

existence of structure stable output regulation is that（A0，
B0） is stabilization ,，（C0，A0） is detectable, and the 

and the regulator equation 

  0 0

00

S A B P

C Q

   


  

, . have solutions 

Defination：If the designed regulator for Nominal parameter  

｛A0, B0, C0, P0, Q0｝is effective to each｛A, B, C, P, Q｝in a 

neighborhood of it，the regulator is called structure stable. 



For nonlinear System 

( , , ),

( , ),

x f x u w

e h x w





      is the external system state w

( ).w s w



It is to built output regulator 

( , )

( )
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Satify that the closed system 

( , ( ), )

( , ( , ))
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h x w
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For any initial values in the neighbourhood of original： 

    （I）The system is linear approximate stable； 

 

    （II） 

 

lim ( ) 0.i
t

e t






The internal mode principle also was extended to 

nonlinear ssystems [5]. The following is the form of 

nonlinear regulator equation： 

( ) ( ( ), ( ), )

0 ( ( ), )

s w f w c w w
w

h w w










 

Remark： The necessary and sufficient condition 

for the existence of nonlinear output regulation is 

that the nonlinear output regulation equation canbe 

solved. 
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3 The Output regulation for multi-agent systems 

   Leader-following problem is a hotspot issue in coordination 

control of multi-agent systems. 

Motivation 

Usually we assume that： 

leader is completely 

measurable for some 

follower agents 

In practice: 

Leader may be  not 

completely measurable for 

every other agents 
contradictory 

Output regulation problem for multi-agent systems 

    The output regulation problem of controlled system is that 

of controlling a plant to track reference signals or reject 

disturbance signals. 



3 The Output regulation for multi-agent systems 

   In practice, the leader agents are dynamics, and not 

all the information is measurable or available in 

communication. For example, in pursuing and 

formation control problem, the position and speed 

states of the leadrs usually constantly change. So it is 

important to design the distributed control based on 

distributed estimation for the multi-agent systems. 

      In recent years, several results about this problem 

have been given, for example: 

Motivation 



3 The Output regulation for multi-agent systems 

[8] Fax J A, Murray R M, Information flow and cooperative control of vehicle 

formations, IEEE Trans. on Automatic Control, 49,1453-1476 (2004). 

      The authors presented distributed control concerning observer 

design for multi-agent systems, and first tackled this problem. 

 

[9] Hong Y G, Hu J, Gao L, Tracking control for multi-agent consensus with an 

active leader and variable topology, Automatica, 42(7), 1177-1182 (2006) 

      A consensus problem for the given multi-agent system with an active leader 

was considered. 

 

[10] Hong Y G, Chen G, Bushnell L, Distributed observers design for leader-

following control of multi-agent networks, Automatica, 44, 846-850 (2008). 

     The distributed controllers and observers were designed for the 

second-order follower agents. 

Related research 



3 The Output regulation for multi-agent systems 

[11] Hong Y G, Wang X L, Zhong P, Multi-agent coordination with 

general linear models: a distributed output regulation approach, 

Proceedings of the 8th CCA, 137-142 (2010) 

      The distributed output regulation problem of linear multi-agent 

systems was presented. 

[12] Wang X L, Hong Y G, Huang J, Zhong P, A distributed control 

approach to robust output regulation of networked linear systems, 

Proceedings of the 8th CCA, 1853-1857 (2010) 

       Wang and Hong designed a distributed controller to solve the 

robust output regulation problem of a networked linear system 

with uncertainties. 

 

Related research 



   Our works:  

   . Consider the multi-agent systems with general  

     noninear dynamics. 

   . Assume that the exosystem is not measurable 

completely for other agents. 

   . Design the distributed feedback controllers by 

solving the distributed nonlinear output regulation 

problem and distributed nonlinear robust output 

regulation problem of multi-agent systems. 

3 The output regulation for multi-agent systems 



Consider a network system consisting of a leader and N 

follower agents 

 

Problem Statement 

0

0

( ) ( ) ( )
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followers 

active leaders (or 

environmental disturbance) 
measured output  

and reference signal 

This model will applies to some problem in multi-agent control 

 Consensus control for multi-agent with environmental disturbance 

 Static leader-following problem 

 Active leader-following problem 

  Distributed output regulation problem  



       Our control aim is 

 

 

       Design measurements of the external state received 

by each agent, and it is related to its neighbors or the 

leader as follows  

lim ( ) 0.i
t

e t




0( ) ( ).
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i ij i j i iz a x x b x y


   

  Distributed output regulation problem  



Control Law 

(I)  distributed static feedback control 

(II)  distributed dynamic feedback control 

( , ).i i i iu x z

( , ),

( , ).

i i i i

i i i i

u v z

v v z









Remark  

    Compared with the static feedback control, the dynamic 

feedback control has the better robustness in the output 

regulation problem.  

  Distributed output regulation problem  



Definition 

   The distributed output regulation problem of system is 

solvable with dynamic (static) feedback control, if the 

following conditions hold: 

    a)  the equilibrium state of the closed-loop system is 

stable, when            . 

    b) for initial condition                         , such that 

  Distributed output regulation problem  

0w 

( (0), (0), (0))x v w

lim ( ) 0.i
t

e t






  Distributed output regulation problem  

Theorem 

       The distributed output regulation problem of considered multi-

agent system is solvable with static feedback control law, if and 

only if there exist                                                      , satisfying 
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For static feedback control 



  Distributed output regulation problem  

       The distributed output regulation problem of considered multi-

agent system is solvable with dynamic feedback control law, if and 

only if there exist                                                 , satisfying 

 

 

such that the following autonomous system with output 

 

                    is immersed into the system                 and the pairs 
 
 
 

is stabilizable and detectable, respectively. 
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For dynamic feedback control 
Theorem 
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  Distributed output regulation problem  

The trajectories of regulated outputs and position tracking for the four followers. 
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Consider a network system as follows 

 

 

 

 

 

 

 Our control aim is 

Problem Statement 

uncertainty parameters 

  Distributed robust output regulation problem  

0

0
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lim ( ) 0, 1,2, , .i
t

e t i N


 



     Define a virtual regulated output for the i-th agent 

 

 

and design the distributed dynamic feedback control law  

  Distributed robust output regulation problem  

0( ) ( ), 1,2, , .
i

vi ij i j i i
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Definition 

    For a uncertainty parameter                 , the 

distributed robust output regulation problem of system 

is solvable with dynamic feedback control, if the 

following conditions hold: 

    a)  the equilibrium state of the closed-loop system is 

robust stable, when            . 

    b) for initial condition                            , such that 

  Distributed robust output regulation problem  

0w 

( (0), (0), (0))i ix z w

lim ( ) 0.i
t

e t
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  Distributed robust output regulation problem  

       For a uncertainty parameter                 , the distributed robust 

output regulation problem of considered multi-agent system is 

solvable, if and only if there exist                                , satisfying 

 

 

such that the following autonomous system with output 

 

                    is immersed into the system                 and the pairs 
 
 
 

is stabilizable and detectable, respectively. 
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An illustrative example 

Example. Consider a nonlinear multi-agent system with the 

following parameters: 

 

 

 

 

an active leader is modeled as  

  Distributed robust output regulation problem  

1 2
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The follower agents take the dynamic forms as: 

 

 

 

 

Our control target is 

 

 

with the dynamic feedback control. 

 

  Distributed robust output regulation problem  

lim ( ) 0, 1,2,3,4.i
t
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  Distributed robust output regulation problem  

The trajectories of regulated outputs and position tracking for the four followers. 
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Studied the problem of distributed output regulation 

and robust output regulation for the multi-agent 

systems with general nonlinear dynamic  

Suppose the exosystem (the leader or environment 

disturbance) can not be measurable completely for 

other agents 

Designed the distributed feedback control to make 

the considered multi-agent systems to track the 

reference or reject disturbance 

5  Conclusions 
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